This paper considers the problem of a steady two-dimensional stagnation-point flow and heat transfer of an incompressible micropolar fluid over a nonlinearly stretching/shrinking sheet. A similarity transformation is employed to convert the partial differential equations into nonlinear ordinary ones which are then solved numerically using a shooting method. Numerical results obtained are presented graphically, showing the effects of the micropolar or material parameter and the stretching/shrinking parameter on the flow field and heat transfer characteristics. The dual solutions are found to exist in a limited range of the stretching/shrinking parameter for the shrinking case, while unique solutions are possible for all positive values of the stretching/shrinking parameter (stretching case). It is also observed that the skin friction coefficient and the magnitude of the local Nusselt number increase as the material parameter increases.
Introduction
The number of investigations in the convective flow and heat transfer over a stretching or shrinking sheet has grown dramatically in recent years. The development of research in this area is stimulated by the presence of a variety of its real world applications in industrial and engineering processes. Extrusion, glass fiber, glass blowing, paper production, and extraction of polymer and rubber sheets are examples of these applications. Crane [1] was the first to report the analytical solution for the boundary layer flow of an incompressible viscous fluid over a stretching plate. On the other hand, it seems that Miklavčič and Wang [2] were the first who investigated the flow over a shrinking sheet. As reported by Miklavčič and Wang [2] , the boundary layer flow over a shrinking sheet is likely to exist in two conditions, firstly, by imposing an adequate suction on the boundary [2] and, secondly, by considering a stagnation flow [3] . After the pioneering contributions by both Crane [1] and Miklavčič and Wang [2] , the study of fluid flow over a stretching/shrinking sheet has been explored by a large number of researchers under different physical conditions.
In recent years, the investigations of flow in the stagnation region over a stretching/shrinking surface in a micropolar fluid have been the subject of interest among researchers. The pioneering work on this fluid was given by Eringen [4] when introducing the first theory on micropolar fluids. This theory considers the microstructure and micromotions of the fluid which were unable to be explained by the classical theory of Newtonian fluid. This theory has attracted many researchers to proceed on further research, because it was seen to be capable of explaining the behavior of more complex fluids such as lubricants, paints, polymers, and animal blood, in which the classical Newtonian fluids theory is inadequate. In order to apply the theory of micropolar fluids, a transport equation representing the principle of conservation of local angular momentum to the usual transport equations for the conservation of mass and momentum must be added [5] . As a result, one additional local constitutive parameter has been introduced. A good list of published papers 2 Abstract and Applied Analysis investigating several aspects of flow in a micropolar fluid has been presented by Nazar et al. [5] , Lok et al. [6] , Ishak et al. [7, 8] , Ziabakhsh et al. [9] , Attia [10] , Hayat et al. [11, 12] , Yacob et al. [13] , Das [14] , and Zheng et al. [15] among others. However, we notice that the study of fluid flow over a nonlinearly stretching/shrinking sheet in a micropolar fluid has not received much consideration. Hayat et al. [11, 12] studied the problem of stagnation-point flow toward a nonlinearly stretching surface in a micropolar fluid. However, the solutions reported by Hayat et al. [11] are only locally similar. Ziabakhsh et al. [9] employed a transformation which reduces the momentum and angular momentum equations to a single equation. It seems that the similarity solution for the problem of fluid flow over a nonlinearly stretching sheet in a micropolar fluid is possible only if the momentum and angular momentum equations are reduced to a single equation by an appropriate transformation. In the present paper, we study the problem of two-dimensional stagnationpoint flow and heat transfer of a micropolar fluid over a nonlinearly stretching/shrinking sheet. Numerical results are obtained by solving the nonlinear similarity equations using a shooting method. The effects of the governing parameters on the flow field and heat transfer characteristics are graphically presented and discussed.
Problem Formulation
Consider a two-dimensional flow of an incompressible micropolar fluid towards a stagnation point on a nonlinearly stretching/shrinking sheet. The stretching/shrinking velocity ( ), free stream velocity ( ), and the temperature of the surface ( ) are assumed to vary nonlinearly from the stagnation point, that is, ( ) = , ( ) = , and ( ) = ∞ + 2 , where , , , and are constants, with > 0 and , , ≥ 0. It is also assumed that the temperature far from the surface of the sheet is ∞ . Under these assumptions, the basic equations governing the flow are (see [9] and [11] )
where and V are the velocity components in the and directions, respectively, is the fluid temperature, is the component of the microrotation vector normal to the − plane, is the dynamic viscosity, is the vortex viscosity (or the microrotation viscosity), is the fluid density, is the microinertia density, is the thermal conductivity, is the spin gradient viscosity, and is the specific heat at constant pressure.
The boundary conditions of (1)- (4) are
where is a constant with 0 ≤ ≤ 1. The case = 1/2 indicates the vanishing of the antisymmetric part of the stress tensor and denotes a weak concentration of microelements (Ahmadi [17] ), which will be studied here. Following the works by Ishak et al. [8] , Ahmadi [17] , and Yücel [18] we assume that = ( + /2) = (1 + /2) , where = / is the micropolar or material parameter. This assumption is required to allow the field of equations to predict the correct behavior in the limiting case when the microstructure effects become negligible and the total spin reduces to the angular velocity.
To seek the similarity solutions of (1)- (4), subject to the boundary conditions (5), we employ the following similarity transformation (see Ishak et al. [8] and Ziabakhsh et al. [9] ):
where prime denotes a differentiation with respect to (the similarity variable) and is the stream function, which is defined as = / and V = − / , that satisfies the continuity equation (1) . The quantity ] = / is the kinematic viscosity, is the dimensionless stream function, is the dimensionless temperature, and ℎ is the dimensionless microrotation. Substituting (6) into (2)- (4), (2) and (3) are transformed into a single nonlinear ordinary differential equation (7) while the energy equation (4) reduces to (8) as follows:
The boundary conditions (5) become
where Pr is the Prandtl number and is the stretching/shrinking parameter (or velocity ratio parameter) defined as
with > 0 for stretching and < 0 for shrinking.
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where and are the surface shear stress and the surface heat flux, respectively, which are defined as
Using (6), (11) , and (12), we obtain
where Re = /] is the local Reynolds number.
Results and Discussion
The nonlinear ordinary differential equations (7) and (8) subjected to the boundary conditions (9) were solved numerically by the shooting method with the help of the shootlib function in Maple software. This method is described in the book by Jaluria and Torrance [19] and has been applied extensively by the present authors; see Yacob et al. [13] and Wan Zaimi and Ishak [20] . The results obtained illustrate the effects of some governing parameters on the velocity and temperature profiles as well as the skin friction coefficient and the local Nusselt number (representing the heat transfer rate at the surface). Dual solutions were obtained using this method by employing different initial guesses for the unknown values of (0) and − (0) where all velocity and temperature profiles satisfy the infinity boundary conditions (9) asymptotically but with different shapes and boundary layer thicknesses. The values of (0) and − (0) are shown in Tables  1 and 2 , respectively, for different values of the material parameter . It is seen that dual solutions of (7)-(9) exist for [16] , as presented in Table 3 , which shows good agreement. Figures 1 and 2 illustrate the variation of the skin friction coefficient and the local Nusselt number as a function of the stretching/shrinking parameter for some values of the micropolar parameter when = 1 and Pr = 1. We classify the first and second solutions based on how they appear in Figure 2 ; that is, the first solution has greater values of the skin friction coefficient Re 1/2 as compared to those of the second solutions. It is found that dual solutions exist for the shrinking case ( < 0) while unique solution is obtained for the stretching case ( > 0). The solution exists up to a critical value of , say . There are no solutions of (7) and (8) subjected to the boundary conditions (9) when < < 0. Based on our computations, this critical value is −1.24657 for each value of = 0, 0.5, 1, and 2. The stability analysis of multiple solutions has been carried out by several researchers such as Merkin [21] , Weidman et al. [22] , Paullet and Weidman [23] , Harris et al. [24] , Postelnicu and Pop [25] , and most recently by Rosca and Pop [26] for similar flow situation. Their analysis has found that the first solution is physically stable and applicable in practice, whilst the second solutions are not. Thus, we postulate this finding to be valid in reference to the present results and we are not repeating the analysis here.
In Figure 1 , it is clearly shown that an increase in the micropolar parameter leads to an increase in the skin friction coefficient for the first solution. This observation is found because of the fact that the micropolar parameter effect increases the surface shear stress and in consequence increases the velocity gradient at the surface (0). As a result, the skin friction coefficient Re 1/2 increases as illustrated in Figure 1 . Figure 2 shows the variation of the local Nusselt number Nu /Re 1/2 with when Pr = 1 and = 1. For the first solution, the magnitude of the local Nusselt number representing the heat transfer rate at the surface increases with increasing values of the micropolar parameter as presented in Figure 2 . This finding could be due to the increasing temperature gradient at the surface as parameter increases. It is also found that unique solutions do exist for all positive values of the stretching/shrinking parameter in the stretching region much higher than those reported in Table 2 . However, the Nusselt number − (0) for the second solution becomes unbounded as → −1. thickness and that in turn decreases the velocity gradient at the surface (0). The influence of the micropolar parameter on the temperature profiles is displayed in Figure 4 . It is evident from Figure 4 that increasing is to increase the temperature gradient at the surface (in absolute sense) for the first solution while the trend is opposite for the second solution. This result is in agreement with the results presented in Figure 2 . Figures 5 and 6 show the velocity and temperature profiles, respectively, for different values of when = 1 and Pr = 1 for the shrinking case = −1.2. For the first solution, which we expect to be the physically realizable solution, the velocity gradient at the surface increases as increases, but an opposite trend is observed for the temperature gradient at the surface. Thus, the local Nusselt number decreases as increases. We note that = 0 corresponds to uniform surface temperature.
In addition, Figures 3-6 indicate that both velocity and temperature profiles reach the far field boundary conditions (9) asymptotically, hence supporting the validity of the numerical results, besides supporting the existence of the dual solutions presented in Figures 1 and 2. From Figures 3-6 , it is also clearly shown that both the velocity and thermal boundary layer thicknesses for the second solutions are larger compared to those of the first solutions. This observation supports the instability of the second solutions mentioned in the previous discussion.
Conclusions
In the present study, we investigated numerically the stagnation-point flow and heat transfer over a nonlinearly stretching/shrinking sheet in a micropolar fluid. The graphical representation and discussion focused on the effects of the material and stretching/shrinking parameters on the flow and the thermal fields. Dual solutions were found for a certain range of the shrinking domain, while, for the stretching domain, the solution is unique. For the first solution (stable solution), the material parameter increases both the skin friction coefficient and the magnitude of the local Nusselt number. 
